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Abstract 

We examine the corrections to the lowest order gravitational inter¬ 
actions of massive particles arising from gravitational radiative cor¬ 
rections. We show how the masslessness of the graviton and the 
gravitational self interactions imply the presence of nonanalytic pieces 
^ C—~ In —etc. in the form factors of the energy-momentum 
tensor and that these correspond to long range modihcations of the 
metric tensor of the form G^w? ^ etc. The former co¬ 

incide with well known solutions from classical general relativity, while 
the latter represent new quantum mechanical effects, whose strength 
and form is necessitated by the low energy quantum nature of the gen¬ 
eral relativity. We use these results to define a running gravitational 
charge. 
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1 Introduction 


In this paper we will discuss the long distance classical and quantum correc¬ 
tions to the Schwarszchild and Kerr metrics using the techniques of effective 
field theory. We will show how the nonanalytic radiative corrections to the 
energy-momentum tensor can be used to obtain the classical nonlinear terms 
in these metrics at long distance, and calculate the analogous nonanalytic 
quantum corrections. For the Schwarzschild metric we consider the case of 
a massive scalar particle. Here we clear up some numerical disagreements 
in related calculations that have emerged in the literature. We then present 
the Kerr results, using a massive fermion as a source, and show that the 
spin-independent quantum corrections are the same as those of the scalar 
particle. We also elucidate various theoretical issues and compare with other 
results in the literature. 

Effective field theory is ideally suited for discussing the quantum effects 
of general relativity at scales well below the Planck mass|||, |^. While it 
is expected that the degrees of freedom and the interactions of gravity will 
be modified beyond the Planck scale, at low energies these ingredients are 
accurately described by general relativity. Effective field theory separates 
the known quantum effects of the low energy particles from the unknown 
physics at high energy. The latter effects are represented by the most gen¬ 
eral series of effective lagrangians consistent with the symmetry of general 
relativity. However the propagation of the low energy particles yields iden¬ 
tifiable quantum effects that can be isolated by the techniques of effective 
field theory. 

The present study builds on two sets of recent work. One of these is the 
use of effective field theory to study quantum corrections to the gravitational 
potential!, |, g |, |, 0, §. While the basic principles of these studies are 
the same, there are some differences and/or disagreements. Since there is 
not a universal definition of the meaning of a potential, different authors use 
different definitions of potential in terms of Eeynman diagrams, and hence 
obtain different answers. Even in a case where the same dehnition is used, 
different results have been obtained. We will provide some clarification 
of these disagreements. A related paper [^j provides a full and detailed 
calculation of the scattering potential of scalar particles. In the present 
paper we note that a subset of diagrams is more readily interpreted as a 
change in the metric, and we calculate these effects. 

The other precedent for the present paper is the calculation of the the 
leading quantum corrections to the Reissner-Nordstrom and Kerr-Newman 


1 


metrics using effective field theory [^|^. These metrics involve charged par¬ 
ticles, so that the quantum corrections involved photon loops, not graviton 
loops. However, this provided a particularly clear laboratory for the study 
of metric corrections. Interestingly, we saw that the classical nonlinearities 
in the metric can be calculated straightforwardly using Feynman diagram 
techniques. At the same time we saw that there was a clear identification of 
certain nonanalytic terms with long-distance quantum effects in the metric. 
We use the insights of that study to investigate the present problems, which 
involve graviton loops. In the present case the interpretation is not as clear, 
although the calculations are well defined. 

We will be using harmonic gauge throughout this paper. In this gauge, 
the Schwarzschild metric has the form|ll, ^], 
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The Kerr metric []T^ refers to a particle with spin and, keeping only terms 
up to first order in the angular momentum, has the harmonic gauge form 
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We will show that using a particular set of Feynman diagrams we reproduce 
the former with the addition of a long distance quantum correction 
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^ These corrections have also been considered from the point of view of S-matrix theory 
in ref. Ol 
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It is of course required that the classical spin-independent terms must be the 
same for a scalar particle and a fermion. We know of no firm requirement 
for the spin-independence of the quantum corrections to goo and gij, but 
from our calculation they are seen to be identical. 


2 Review 

The metric is derived from the energy-momentum tensor of a source, us¬ 
ing Einstein’s equation as the equation of motion. At lowest order in the 
fields, the source particle is just a point particle in coordinate space. How¬ 
ever, both classical fields and their quantum fluctuations modify the energy- 
momentum of a particle at long distance. These modifications can be found 
by the consideration of the radiative corrections to the energy-momentum 
tensor. When these are translated into a metric, they yield the classical 
nonlinearities and quantum modifications of the metric. 

Let us review what was found in Ref@ for the conceptually simpler case 
of charged particles, as our calculation here will follow the same procedure. 
In that case the field around the particles was the electromagnetic field and 
the gravitational interaction was treated purely classically. The masslessness 
of the photon implies that there are long range fields around a charged parti¬ 
cle and these carry energy and momentum. At the same time, in a Feynman 
diagram calculation of the renormalization of the energy momentum tensor 
of the charged particle, the masslessness of the photon leads to nonanalytic 
terms in the formfactors having the structure ~ ~ q^ln—q^, where 

q is the momentum transfer, as well as analytic terms of order q‘^,q^.... It 
was shown in detail how the ~ \/—g‘^ terms account for the classical energy- 
momentum of the electromagnetic field and how they exactly reproduce the 
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classical nonlinearities in the metric that are present in the Reissner Nord¬ 
strom and Kerr Newman metrics. Nonanalytic terms of the form In —q^ 
also appear, and when they are included in the equations of motion they 
produce further corrections in these metrics. Explicit examination shows 
that these latter are linear in ^ - i.e.they are quantum effects. Finally the 
analytic terms produce only delta functions (or derivatives of delta func¬ 
tions) in the metric, such that they vanish at long distance. Thus we saw 
that the long distance modifications of the metrics are obtained from the 
nonanlaytic terms in the formfactors of the energy momentum tensor. 

The same effects are present in the purely gravitational case. If one 
expands the energy and momentum of the particle in powers of G, the 
lowest order result is that of a point particle. However, there is energy 
and momentum also carried by the gravitational field around the particle 
and this can be calculated via the one loop Feynman diagrams. Because 
the graviton is massless, there will also be nonanalytic terms of the forms 
In —q^ in the formfactors of the energy momentum tensor. 
Again these will produce long range modifications of the metric. If we in¬ 
clude the relevant dimensionful couplings, this will have the schematic form 
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Here a, b, c are dimensionless numbers and further numerical factors of order 
unity will be inserted later. We will examine the terms in detail and 

show how they correctly reproduce all the features of the classical metric. 
For the q^ In terms we have included the factor of fi that follows from 
dimensional analysis. The analytic correction to the energy momentum 
tensor yields the delta function term that is not relevant for the long distance 
behavior. 

The nonanalytic terms come from the low energy propagation of gravi¬ 
tons, using the couplings of general relativity. Because these features are 
independent of the high energy behavior of gravity, they are unambiguous 
predictions of low energy general relativity. There is also no influence of 
other possible terms in the gravitational lagrangian, such as or related 
corrections in the matter lagrangian. These yield only analytic corrections 
to the formfactor and hence do not provide long distance modihcations of 
the metric. These are behaviors that are well known in the effective field 
theory of gravity [||. 
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3 Lowest order 


Let us first consider the theory without loop corrections. The metric tensor 
is expanded as 

+ /iW + ... (6) 

where r]^u = (1, — Ij — 1, — l)diag is the usual Minkowski metric and the su¬ 
perscript refers to the number of powers of the gravitational coupling which 
appear. The dynamical relation which connects and the energy momen¬ 
tum tensor is the Einstein equation, whose linearized form in harmonic 
gauge—fir^'^r^^ = 0—is 

= -167rG(T^^(x) - ^r/^^T(x)) (7) 

where T = represents the trace. The metric for a nearly static source 

is then recovered via the Green function in either coordinate or momentum 
space 

h^^{x) ^ -IfmG j SyD{x - y)(T^^{y) - ^yy,yT{y)) 


For a quantum mechanical system, T^y, is given in terms of the transition 
density 

< P2\T^uix)\pi > 

and the conservation condition = 0 together with the requirement 

that transform as a second rank Lorentz tensor demands the general 
(scalar field) form^ 
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r]i,uq‘^)F2{q‘^) 


( 10 ) 

where we have defined = ^{pi+P 2 )ti and q^ = {pi—p 2 )^i- Conservation of 
energy and momentum requires Pi (g^ = 0) = 1 but there exists no constraint 
on F 2 {q^). 


^Here we use the conventional normalization for the scalar field 


< P2\pi >= 2E]_{2'k)^ 5^{p2 — pi) 


(9) 
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For the case of a point mass m the lowest order form is (c/. Eq. 
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while in the case of the spin 1/2 system we have 

< P2|E® (0)|pi > = u{p2)^ ili^Pu + luPf,) u{pi) 
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where we use here the conventions of Bjorken and Drell and have employed 
the Gordon identityIn either case, for a heavy point mass located at 
the origin we have the lowest order Breit frame result 

< P2|7)i°^(0)|pi >~ (13) 

The Einstein equation then has the solution 
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corresponds to the coordinate space result]^ 


I 1 p = V = 0 

(^) = fir) x< 0 p = 0 ,i 2 = i + ... 

[ 6ij p = i,l2 = j 


(14) 


(15) 


(16) 


with 

2Gm 


and reproduces the well-known leading order piece of the Schwarzschild 
solutionIn the case of spin 1/2 there is an additional classical com¬ 
ponent which arises from the spin. Using 

_ < P2\tS !\0)\pi >- X2^Xi X q ( 17 ) 

®Here the ellipses represent a very short range component associated with the q- 
dependent piece of 
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( 18 ) 


we find the off-diagonal component of the metric 

= -87riG-^{S x 
which corresponds to the coodinate space result 

and agrees to this order with the Kerr metric [ll^ . With this basic material 
in hand we now proceed to the inclusion of loop corrections. 


4 Loop Corrections to the Energy Momentum 
Tensor-Spin 0 


Of course, the lowest order discussion given above is straightforward and 
familiar, while the purpose of the present paper is determine the nonana- 
lytic corrections ~ \/—^, log — to the form factors arising from the 
higher order gravitational self-interaction. The appearance of such terms 
was found in I to be associated with the feature that the graviton couples 
to the (massless) photon, and the same is expected to happen in the case of 
gravitational self-interaction since the graviton is itself massless. The rele¬ 
vant diagrams are shown in Figure 1 and are similar to their electromagnetic 
analog considered in I, although the tensor nature of the graviton makes the 
calculation considerably more tedious. Details of the calculation are given 
in Appendix A and the results are[||, ^ 
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As found in the case of the electromagnetically corrected vertex studied 
in I, we observe that the = 0 value of the leading form factor Fi{q^) 
is unchanged from its lowest order value of unity, as required by energy- 
momentum conservation, while the form factor ^ 2 ( 5 ^), which is not pro¬ 
tected, is modified. Such higher order corrections are to be expected from 
the feature that gravity is nonlinear and must contain terms to all orders in 
the gravitational coupling. 

The momentum space form factors imply a coordinate space structure 
of the energy momentum tensor which is modified at large distance. Using 


7 












the integrals listed in Appendix A, we find the correction to the lowest order 
energy-momentum tensor to be 
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We have inserted factors of h where appropriate, although we continue to 
use c = 1 units. 

Note that the leading correction to is classical in nature, since 
there are no factors of h. We can show that this effect is generated by 
the energy and momentum that are carried by the gravitational field—Eq. 
|T6|— surrounding the point mass. This field possesses an energy-momentum 
tensor |pT| 


SnGT^r = 
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in terms of which the classical held correction to the point mass form of the 
energy-momentum tensor is determined to be 
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^ (-^V,/(r)V,/(r) + ^<5,,V/(r) • V/(r) 

/(r)V.V,/(r) + 5.,/(r)VV(r)) + • • • = + • • • 

(23) 


where the ellipses indicate contributions localized about the origin. Obvi¬ 
ously Eqs. E and B are identical, demonstrating the correspondence of the 
nonanalytic \J terms and the classical field energy, just as found in I for 
the electromagnetic case. 

The remaining corrections to Tp,y contain an explicit factor of h and 
are thus intrinsically quantum mechanical in nature. The ’’physics” behind 
these modifications can be understood in terms of the position uncertainty 
associated with quantum mechanics, which implies the replacement of the 
distance r in the classical expression by the value ~ ^ • Since for macro¬ 

scopic distances h/m « r, expansion of the classical result in powers of 1/r 
leads qualitatively to the quantum modifications found in our loop calcula¬ 
tion. We emphasize that both Eq. are long range effects which arise 

only because the graviton couples to a massless virtual particle—in this case 
the self-interaction. The explicit factor of h in the latter indicates clearly 
that these are quantum effects whose strength and form are necessitated by 
the quantum nature of the field theory. 

5 Classical terms in the metric 

Here we use this energy momentum tensor to calculate the associated met¬ 
ric. In I we were able to show that this procedure reproduced well-known 
results for classical metrics. We will demonstrate the same feature for the 
gravitational case. In this section we treat only the classical y—^ terms, 
which we denote by superscripts to the form factors. The method here 
is made somewhat more complex by the necessity of dealing with the non¬ 
linearity of the Einstein equation. Here we must consistently work to second 
order in G and to this order there is a nonlinear modification of the equa¬ 
tions of motion relating the energy momentum tensor and the metric. This 
is worked out in the appendix—Eq. Hh the result has the form to second 
order in G 

= -167rG(rgr-^^/..rs’’-)-a^(/(r)9,/(r))-9,(/(r)a^/(r)) (24) 
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Noting that 
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Comparing with the Schwarzschild solution in harmonic coordinates—Eq. 
|I| —we find complete agreement. 


6 Additional Quantum corrections to the metric 


Having identified the classical corrections, we could proceed in a similar 
fashion to calculate the quantum corrections using the q^ In (f' non-analytic 
terms. However there is one additional feature which needs to be included. 
There is a quantum modification of the equations of motion, which amounts 
to the addition of the vacuum polarization diagram of Fig 2. In order to see 
that this is required, let us look at the quantum corrected effective action, 
which also has non-local long distance modifications. At one loop one finds 
the effective action 
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Figure 1: The vacuum polarization diagram. 


Here the renormalized action — y) contains 


_ y) = _ y) + 0(^4) (28) 

where is the differential operator following from the Einstein action 

and —y) is the vacuum polarization function after renormalization, 

see Fig. 1. Following the steps in Appendix A we find that the vacuum 
polarization induces a change in the equations of motion 

+ Pf,iy,af3 J - y)h^5{y) 

= -W7rG{T^r - - dMir)d,fir)) - a,(/(r)5^/(r)) 

(29) 


where the projection operator Pfj,u,ai3 is given by 

Eq. 29 can be written, in harmonic gauge, as 

□V = -167rG(Tgr-^^/..ir"’’"")-5^(/(05./W)-5.(/(r)5^/(r)) 

+ levrG J d^yd^z _ y)^(y _ z)(r.--«(2) - 

1311 


where the last term is just the vacuum polarization graph of Fig 2. 

The vacuum polarization has been calculated by ’tHooft and 
Veltman[^], and in momentum space it contains a factor of q^\og{—(^) 
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Figure 2; Vacuum polarization modification of the energy-momentum ten¬ 
sor. 
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- -^q (qaqsv/S'r + q/sqsva'y + qaq-yvps + q/sq'rTias) + -^qaqpq^qs 


When we employ this form along with the graviton propagator, we find for 
that the vacuum polarization contributes a shift in the metric 
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In terms of components, we find. 
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The remaining corrections come from the logarithms in the vertex cor¬ 
rection. Using the energy momentum tensor shown above plus the integrals 
listed in the appendix we find 
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where we have shown only the effects of the quantum logarithms. Adding 
these corrections to the vacuum polarization and classical terms reproduces 
the metric displayed in Eq. 3. 


7 Fermions and spin 

Having understood the spinless sector, we now turn our attention to the 
case of a particle with spin, in particular spin one-half. The general form for 
the spin 1/2 matrix element of the energy-momentum tensor can be written 


asjl7] 
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The normalization condition Fi{q^ = 0) = 1 corresponds to energy- 
momentum conservation as found before, while the second normalization 
condition F 2 {q^ = 0) = 1 is required by the constraint of angular momen¬ 
tum conservation. This can be seen by defining 

Mi 2 = [ d^x{ToiX2 - T02X1) 


q^O 


-iiVg)2 / d^xP<^-%i{r)+i{Vg)i / d33;e*5-ro2(f) (37) 


whereby 


lirn < P 2 \Mi 2 \Pi >= 1 = 7;'>^l{p)o'3U^{p)P2{q‘^ 
q^O Z Z 


(38) 


13 










i.e., F 2 {q^ = 0 ) = 1 , as found explicitly in our calculation. 

The Feynman diagrams for fermions are shown in Fig 2. We find, as 
shown in the Appendix 
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We convert this into an energy-momentum tensor. Writing S = it/ 2 for 
the spin, the general relation to the fermion form factors is 
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Toi{r) = i 
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We can again check the classical piece of this result against our expec¬ 
tations of the energy-momentum carried by the gravitational field. The 
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spin-independent pieces are identical to that found for the spinless case. In 
the case of the off-diagonal component of the energy-momentum tensor, Eq. 
^ yields 
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in agreement with the result obtained from Eq. ^ 

Now let us calculate the metric components. In this case we find the 
relation of the metric to the fermion form factors is given by 
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With the form factors calculated above this yields 
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We observe that the diagonal components of the vertex correction are iden¬ 
tical to those found for the spinless case, as expected, and that there exists 
a nonvanishing non-diagonal term associated with the spin. The diago¬ 
nal components of the vacuum polarization are also clearly identical to the 
bosonic case, but there is a new off-diagonal component associated with the 
spin 

, (2)vacpol 


Again these are added together in order to yield the result quoted in the in¬ 
troduction. We have thus reproduced the Kerr metric—Eq. ^— in harmonic 
gauge together with the associated quantum corrections. 


32G^ J 

2lG^h 

Svrr® 
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8 Discussion of the metric and gravitational po¬ 
tential 

The quantum correction to the Schwarzschild metric has previously been 
discussed by Duff|Q. While that discussion properly identifies In terms 
as the source of the quantum effects, the calculation is incomplete because 
it only includes the effect of the vacuum polarization diagram. This can be 
traced to the assumption of a “classical source”, which meant that the vertex 
diagrams were not included. However, any source has a gravitational field 
surrounding it and that field has a quantum component. The effective field 
theory treatment demonstrates the existence of quantum corrections due to 
the vertex diagrams - they are of the same order as those due to vacuum 
polarization and they must be included. In this sense, there is no fully 
classical source in gravity. If one takes the mass of a particle to infinity, the 
gravitational coupling also grows and the quantum effects do not decouple. 
Rather for a heavy mass it is long distances which determines the classical 
limit, as the quantum effects become smaller than the classical effects in the 
limit of large distance. However, the vertex corrections are as important as 
the vacuum polarization for the quantum correction to the metric and they 
must be included. 

The bosonic diagrams that we have considered have also been parts of 
the calculations of the quantum corrections to the Newtonian potential. We 


16 









Figure 3; Diagrams contributing to the one-particle-reducible potential. 


have shown them in detail because there has been numerical disagreements 
in the literature. We believe that our results are the correct ones. There 
appears to have been a numerical error in the original result of Ref ||^] . We 
have identified the location of that error and carefully reconsidered that 
value. The identity of Eq. ^ makes it easy to repeat this part of the calcu¬ 
lation. The authors of Ref Q also appear to be in error. Their calculation 
would lead to the wrong classical terms, which certainly indicates an error 
and implies that the quoted quantum portion is also not trustworthy. In 
addition, our fermionic calculation serves as an independent confirmation 
of the bosonic result, as the calculational details are quite different even 
though the result is the same. 

If we use our present result to define the one-particle-reducible potential, 
including the diagrams in Figure 3, we obtain the result, 

G{mi + m 2 ) 167 Gh 

r 307r 

This potential is not itself the scattering potential. In a separate work we 
calculate the other diagrams which are required to fully define the scatter¬ 
ing amplitude. These include box diagrams and several triangle diagrams. 
However, the IPR potential represents the sets of diagrams that are used 
to define the running charge in QED and QCD and these diagrams can be 
used for a similar definition here. We propose that the quantum correc¬ 
tion from these diagrams be used to define a running gravitational coupling 
appropriate for harmonic gauge. This results in 



V{r) = - 


Gmim2 


G{r) = < 7(^1 


167 Gh\ 
dOvr ) 


(47) 
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The fact that this definition is independent of the masses of the objects in¬ 
volved suggests that it has a universal character appropriate for the running 
charge. Our work shows that this form is independent of spin. Note also 
that the charge becomes weaker at shorter distances. This is in accord with 
a heuristic expectation that the gravitational interaction at large distances 
feels the total mass of the object, but when probed at small distances gravity 
will see a smaller effect because the quantum fluctuations spread out the en¬ 
ergy contained in the fields. That the running gravitational coupling varies 
with a power of r rather than the logarithm is required by the dimensional 
gravitational coupling constant. 
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Appendix A - the equations of motion 

While many details of the method are given in previous works, we do make 
special use of the equations of motion in a way that is not shown elsewhere. 
Here we describe the background that we need for our calculation. 

The full gravitational action is given by 

Sg = I d^x^g + C-rr^j (48) 

where Cm is the Lagrange density for matter. Variation of Eq. ^ yields the 
Einstein equation 

RiJ.u - ^dfiuR = -SnCTf,,, (49) 

where the energy-momentum tensor is given by 

We work in the weak field limit, with an expansion in powers of the gravi¬ 
tational coupling G 

9iiu = + ■ • • 
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where here the superscript indicates the number of powers of G which appear 
and indices are understood to be raised or lowered by r]^^. We shall also 
need the determinant which is given by 

^ = exp itr log <7=1 + + l;^(i )2 ^ ^ ^ ^ 52 ) 

The corresponding curvatures are given by 


= 

= 

= 


+ 


= 


+ 


- dudxh^^'>' 






2 I '^Xu Afl 

— 1(7 — -d + 1^ 

+ l/i(^)^“ [dxdyh^^l + dxdf,h^^l - d^dyh^^l - 5A5„hgJ 


2 ■ “ I ^X^a‘^^1/ 

1 _ l5“h(i)) + 5,4^ - a„4i)) 

□ /j(2) _ 

lh(i)^“ (25Aa^4j - Dhgi - dxdc^h^^^) 

+ - l5“/i(i)) (S'^hgi - (53) 


In order to define the propagator, we must make a gauge choice and we shall 
work in harmonic gauge—g^^T^ = 0—which reads, to second order in the 
field expansion, 


0 


{d^hfl - l9«h(2) - lh(i)"- (aAhgi + 5<.4a - 5«4a)) (54) 


Using these results, the Einstein equation reads, in lowest order, 


(d^k<^> - i8„/i<‘l)-8„ (a^ft™ - is„/.»)) 

which, using the gauge condition Eq. |5^, can be written as 


-levrGT- 

(55) 

(56) 
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or in the equivalent form 


□hW = -IGttG 


(57) 


As shown in section 2, this equation has the familiar solution for a static 
point mass 

= V/(^) (58) 

where 

2Gm 


In second order the validity of the Einstein equation requires that 

= 0 (59) 

It is useful to write this equation in the form 


{d^hf^ - ^ -levrCr^r 

(60) 

where can be identified as the energy-momentum carried by the grav¬ 
itational field and can be read off as 


SnGT^r = 


+ 


2 




(61) 


Using the gauge condition Eq. 54b, Eq. |60| becomes 


°b!i’ - =-le^crir 

+ (a''*"" (saaS - I9.AS)) 

+ 8, (aCIA- ( 8 aA« - la^A")) 

- A,.^9“ (a*‘>^" (SiA™ - ia^Ai'j)) 


(62) 
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and, using the lowest order solution Eq. ^ we find the form 

□ hg) = -IOttG (r^r - - d, (/(r)a./(r)) - d, (/(r)9^/(r)) 

(63) 

For use in the spin 1/2 case we note that the corresponding off-diagonal 
equation reads 

□4? = + (64) 

However, using the lowest order solutions found above we easily verify that 

V*(4gv,hS) = V,(h«v,hg,g = 0 (65) 

Thus the off-diagonal Einstein equation in second order has the simple form 

□ 4 ? = -IGnGTir ( 66 ) 

while the general form in second order is seen to be given by Eq. 


Appendix B - details of the bosonic and fermionic 
vertex corrections 

8.1 Spin zero 

Here we show the calculation of the nonanalytic terms in vertex correction, 
following the method of |]^. Such pieces arise from the diagrams in Figure 
4, wherein the external graviton couples to the massless graviton fields in 
the loop. We have found that a symmetric ordering of the momentum is 
useful, using the following integrals 

1 
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327r2m2 

r (Yk 


{2TrY {k — iY{k + 
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(a) (b) 

Figure 4; Gravitational radiative correction diagrams leading to nonanalytic 
components of form factors. 
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+ ... 


kfj, ki/ k(x 
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327r2m2 
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+ {[dii-du - 'rilxy<f‘)Pa + {Qf^qa - 'nfiaq‘^)Pu + {quQa - 'nucy.q^)Pl^ 


L 

12 


+ ... 

(67) 


where S = vr^m/ \J—q^, L = \og{—(f‘/rn?‘). From Figure 4a, we have then 

pa- [ dH T^p{p,p'-i)ps{p'-i,p')ri:^^x.i^,q) 

(“) J (27r)4 £2 (£_g)2((£_y)2_j„2 ) 

while from Figure 4b, 


dH TZ,pai^,q) 


(27r)^ 72 (£ _ q'j2 


(69) 


Here the coupling to matter via one-graviton and two-graviton vertices 
can be found by expanding the spin zero matter Lagrangian 




( 70 ) 
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via 


[d^(f)dy4) - ^T]^,u{da4’d'^4> - 
(^df,(l)d^(l) - ^ri^^{da(l)d°4> - 
+ ^ d^ct)d,cj) 

- ^ (71) 

The one- and two-graviton vertices are then respectively 

Tap {P,P') = (paP'p + p'aPp “ PaP {p ' p' - m^fj 

TaP,'f5{P,P) = iK^ Iap,pil^a,^5 {P^P^^ +P^P'') 

2 (^“/^^7p(T,7(5 T P'y5lp(7,ap) P P 

- ^ (jap,'f5 - ^VapV'rS^ (p-p' - (72) 

where we have defined = 327rG. We also require the triple graviton vertex 
’^a'p^'ysi^^l) whose form is 

Tap,'ys(k, q) = Y + {k - qY{k - qY + q^^q'' - q^ 

+ 2qxqa [l^^’apI^^^’^S + I^^'-ySl^’^'aP " I^^’apI^^’^S " apl^^'-yS 

+ [qxq^iPapI^^’-fS + PySl^’^’ap) + QXQ’" {VapI^^’'yS + V-fSl^^’ap) 

q iVapI^ ’ryg -\- p^ygl^ 'ap^ P^ 9 9 (^«/37^5^ p- -Iq/^ ,A(T )] 

+ [2qYr'^^^^YsM{k - qY + apI-yS^ik - qY 

- I'^’^’^sIaPM^^ ~ I'^^’'rSlaP,Xak'') 

_ 1 _ q^{I'^^'apY5,Y + Iap,Yl'^^''i5) + P^'^ q^qcr{Iap,XpI^'^' 'yS + ap)^ 

+ [{k^ + {k- qf) (^I^>^'apYs,Y + I^'^’apYs,^ - lp^’'PaP,^S^ 

- {k‘^p^sl^''’ap + {k - q^PapI'^'^'^s)]] (73) 

Before presenting our results, we note a simplification—it can be easily 
seen that the terms in the 3-graviton vertex function proportional to /c^ or 
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{k — q)"^ do not produce nonanalytic pieces when inserted into either Eq. ^ 
or Eq. ^ and can be dropped. 

A further enormous simplification of indices results from the identity |^] 

q) (74) 


for all the terms which lead to nonanalytic corrections. This can be verihed 
straightforwardly. The resulting integrals are still tedious, but can be done 
directly. 

Decomposing the remaining piece of this vertex into the four bracketed 
terms, we list our results in terms of the contributions from each bracket 
separately: 
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Gvr? 
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(75) 


8.2 Spin 1/2 

For the case of spin 1/2 we require some additional formalism in order to 
extract the gravitational couplings. In this case the matter Lagrangian reads 

\/e£m = - m)V> (76) 

and involves the vierbein which links global coordinates with those in 
a locally flat space. The vierbein is in some sense the “square root” of the 
metric tensor and satisfies the relations 

6 uVab — 6 

= (77) 
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The covariant derivative is defined via 


= d^'lp + (78) 

where 

^ftab — 2 ^^ {^IJ-^bu 2 ^^ iPlJL^av dv^^a^') 

+ i^ea'^eb'idaecp - dpeca)ep'' (79) 

The connection with the metric tensor can be made via the expansion 

= 5“+ cW“ + c;f)“ + ... (80) 

where, as before, the superscript indicates the number of powers of the 
gravitational coupling G which are present. The inverse of this matrix is 

ea^ = S!i- + ... (81) 

and we find 


9p,y = VfMiy + c^pu + Cui + + c® 

I W • • • 

giti' — _ (,{2)pu _ ^{2)vp 

_|_ (.Wo-lJ. Jyiy _|_ ^(l)pa^(l)^ _|_ ^(l)pa^(l)v _|_ _ _ 


For our purposes we shall use only the symmetric component of the c- 
matrices, since these are physical and can be connected to the metric tensor, 
while their antisymmetric components are associated with freedom of homo¬ 
geneous transformations of the local Lorentz frames and do not contribute 
to nonanalyticity. We find then 

c(i) ^ +cW) = i/id) 

We have then 

det e = l + c+]^c^ - ^Ca'’cb“ ... 

= 1 -|- —h + —h^ — —hj'hb'^ + ■ ■ ■ (83) 

Z o o 
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Using these forms the matter Lagrangian has the expansion 

1 Q 

4 ^ 8 

+ - a„h«^)e“^'^^7e75^ (84) 

where 

ipdj^^ilj = ^pda^ - {da'ip)'ip. 

The corresponding one- and two-graviton vertices are found then to be 
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_|_ -e^'^^^'Jx'j5{Ial3,r]''I'tS,auk'p - I-y5,p''Ial3,aukp)'^ 


(85) 


With these results in hand the loop integrations can now be performed, 
as before, yielding, for spin 1/2 

2^ _ Gq^ ^^13 1, 1 ^^_, ^ 2 ^ .1 
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All calculations of the form factors where done by hand and by computer. 
To do the various contractions of indices and integrations by computer, a 
computer algorithm for Maple 7 (TM)^ were developed and used to do the 
calculations. 


Appendix C - useful integrals 


Here we collect the integrals used to calculate the long range corrections to 
the energy momentum tensor and the metric. For the classical correction to 
the energy momentum tensor we use 
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and the quantum effect use 
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^Maple and Maple V are registered trademarks of Waterloo Maple Inc. 
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For the metric we require 
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